In this paper, we classify universally transitive reductive prehomogeneous vector spaces with a finite number of orbits on the assumption that each irreducible component has an independent scalar action.
l = 1 is invariant under castling transformations (see Definition 1.9). A PV with a universally transitive open orbit has some nice mathematical properties. For example, with some additional conditions, the additive adelic zeta function Z a (ω, Φ) and the multiplicative adelic zeta function Z m (ω, Φ) of such a PV coincide up to a constant multiple (see [I3] ). This implies that the Iwasawa-Tate theory holds for this PV [K2] .
Hence it is important to find the reductive PVs with a universally open orbit and with a finite number of orbits, which will be done in this paper on the assumption that each irreducible component has an independent scalar action.
So far, irreducible PVs (resp. simple, 2-simple PVs) with universally transitive open orbits are classified in [I1, I2, KKH] (resp. [KKH] ).
After this introduction, we give notations which are used in the following sections.
In Section (n 2). In Section 3, we give the list of all nonirreducible simple FPs with l = 1 which is obtained from [KKH] and [KKY] . We also give the list of all irreducible FPs with l = 1, which consists of 14 types.
In Section 4, we deal with the remaining case. In Section 2, we deal with all FPs whose irreducible components are (1)-(3) of the list in Section 3. In this section, we deal with all FPs one of whose irreducible components is one of (4)- (14) in Section 3.
In Section 5, we give the list of all reductive FPs with a universally transitive open orbit on the assumption of full scalars.
Notation 0.1. We denote by e (n) i the element of Aff n satisfying (e (n) 1 | · · · |e (n) n ) = I n (= the identity matrix). For a finite-dimensional representation ρ : G → G L(V ), we denote by ρ * : G → G L(V * ) its dual representation on the dual vector space V * of V . We denote by ρ ( * ) any one of ρ and ρ * . For a simple algebraic group G of rank r, let Λ k (k = 1, . . . , r) be its fundamental irreducible representations. In particular, for G L(n), Λ 1 denotes the standard representation on Aff n . For a subgroup G of G L(n), we also denote by Λ 1 the restriction Λ 1 | G . We denote by T u (n) (resp. T l (n) ) the group of nonsingular upper (resp. lower) triangular n ×n matrices. Put T , Sp(n) (n 2);
Sp(n)
(n 2), 1 n Λ 2 (n 4); ,
(n 2)). We denote by P (e 1 , . . . , e r ) (e 1 + · · · + e r = n) a standard parabolic subgroup of G L(n), i.e., a parabolic subgroup containing a Borel subgroup T u (n).
where M(m, n) denotes the totality of m × n matrices. Proof. By theorem of Gabriel, their orbits are related with positive roots of corresponding simple Lie algebras. This does not depends on a field (see [DR] 
Finite
Clearly we have l = 1 for (G, ρ, V ) if and only if l = 1 for (G , ρ , V ).
, then we have:
where H is a generic isotropy subgroup of (G, ρ 1 , X 1 ).
be the open orbit in X 1 ⊕ X 2 (resp. X 1 ), and p 1 :
( (1) and (3). Then by (2) and (4), we have ( M(m, n) ) is always a PV for any natural number n satisfying n m = deg ρ = dim V . It is called a trivial PV. Since {X ∈ M(m, n; k) | rank X = m} is a single G L(n; k)-orbit, we have l = 1 for any trivial PV by Proposition 1.5, i.e., l = 1 for n G ρ with any n satisfying n deg ρ.
Then the following assertions are equivalent.
(
with any natural number satisfying n deg ρ.
Proof. By Propositions 1.3 and 1.4, we have our result. 2 Corollary 1.8. For any n m, the following assertions are equivalent.
( [I2] ). In particular, for n < m, the following assertions are equivalent.
( Proof. For (1), see Proposition 2.9 in [KKY] . By repeating (1), we obtain (2). M(n, m) ) has a universally transitive open orbit where n = e 1 + · · · + e r . Put A =
be a generic point in M (n, m; k) . Then the action is given by X → A X t B with (m; k) . By the action of (X 3 |x) → a( X 3 |x) t B, we may assume that X 3 = O and x = 1 since X is a generic point. Then by the action of A with A 1 = I n−1 , A 2 = −X 2 and a = 1, we have 
Proof. We shall prove by induction. We have l = 1 for since this is a trivial PV (see Remark 1.15. By Propositions 1.3-1.5, Lemma 1.10 and Theorem 1.12, the following assertions are equivalent.
Finite PVs related with some quivers
Proposition 2.1. (See [Kac] .) All indecomposable FPs with irreducible components
are given as follows.
, 
Hence we obtain the first part of our assertion. On the other hand,
. 
Proof. By direct calculation, we have our result. 2 Proposition 2.9. We have l = 1 for (2.8)
Proof. If n m, then by Proposition 1.7 and Theorem 1.12, we have our assertion. If m > n, then by Remark 1.15 and Lemma 2.8, it is enough to show that l = 1 for
. Thus by Remark 1.15 and Proposition 2.10, we obtain our result. 2 Proposition 2.13. We have l = 1 for (2.8)
which satisfies one of the following (I), (II), (III).
(II) m 6 and k 4, (III) m 6 and k 5; n 1 4 or n 2 3 or n 3 2.
Proof. By Theorem 1.14, we have l = 1 for 5 4 3 2 1 which is 
, and the GL(m)-part of a generic isotropy subgroup is isomorphic to some P
) is a PV with l = 1 (See [KKH] ). The G L(s)-part of a generic isotropy subgroup is G Sp(s ) (resp. P (1) (2s , 1)) when s = 2s (resp. s = 2s + 1) (see [SK] ). PutÃ =
Then by the action of A 13 and A 23 , we may assume that
Since we have the action (1) We have l = 1 for
when n = 2n + 1 (see [SK] ). On the other hand, if n = 2n + 1, the G L(n) -part of the generic isotropy subgroup of
. Thus we have our result (cf.
Remark 2.18). 2
Lemma 2.21. The following conditions are equivalent.
(1) We have l = 1 for G ρ for all .
Proof. By a calculation, the G L(2)-part of the generic isotropy subgroup of 1 Sp(n) 2 is P (1, 1) . Also, the G L(2) -part of the generic isotropy subgroup of 1 2
is P (1, 1). Thus (2)
is equivalent to G ρ 2 1
and hence, we have our result. 2
Lemma 2.22. The following conditions are equivalent.
(1) We have l = 1 for
(2) We have l = 1 for
is P (1) (2, 1) or P (2) (1, 2) by Lemma 2.17. Since G Sp(1) = G L(2), they are P (2, 1) or P (1, 2) and hence we have our result. On the other hand, the G L(2)-part of a generic isotropy subgroup of 2
Hence we obtain our assertion. 2 Proposition 2.23. We have l = 1 for a FP 
Theorem 2.24. We have l = 1 for the following FPs.
Sp(n)
Proof. By Propositions 1.4, 2.3, 2.23, we have (1). From (1), we have (2) by Lemma 2.20. Since (
a semisimple algebraic group with n m, i.e., a trivial PV.
where n is even, and n 4.
(6) (GL(1) × Spin (7), Λ 1 ⊗ the spin representation, Aff 8 ).
Theorem 3.2. All irreducible FPs with universally transitive open orbits are given as follows.
with m 4. Proof. By Theorem 4.1 in [KKY] and Proposition 3.1, we obtain our result. Note that (2) with m 2n, (4) with n 6, (1) and (9) are trivial PVs. Also note that we have (GL(1) ( (1)- (14) in Theorem 3.2. When any (1)- (3), we already investigated them in Sections 1 and 2. In this section, we deal with the case that some (G, ρ k ) is one of (4)- (14) in Theorem 3.2.
Proposition 4.1. All nonirreducible FPs which contain (4) in Theorem
Proof. By Theorem 4.32 in [KKY] , we obtain our result. Note that if we deal only FPs, we can neglect the dual as in [KKY] , but we deal with l so that we have to consider the dual as this Proposition. 2 Proof. For n 6 or m 3, we have l = 1 by Proposition 1.7 and Theorem 3.2. Hence we may assume that m = 1, 2. By a castling transformation, we may assume that m = 1. Recall that l is invariant under castling transformations. Assume that n = 5 and m = 1.
, then it is a trivial PV and hence we have l = 1. If Λ ( * ) 1 = Λ 1 , then we have l = 1 by Proposition 4.1 in [KKH] . Finally assume that n = 4 and m = 1. Since (and m 2 by assumption) . 
Proof. The G L(3)-part of a generic isotropy subgroup of
(see p. 392 in [Ka] ). Since we have l 2 for (GL(1) (4.7)
Proof. By Theorem 5.18 in [KKY] , we obtain our result. 2 Lemma 4.6. Let H be the isotropy subgroup of
3 ), (−e (5) 4 | − e
5 |0|e
2 ) ∈ Alt(5) ⊕ Alt (5)). Then its Lie algebra is given by 
. By a simple calculation using Lemma 4.6, the G L(2)-part of its generic isotropy subgroup is T u (2) (= P (1, 1) ). Hence by Proposition 1. 
Proof. Let H be the same as in the proof of Theorem 4.8. Then we have 
Here Λ (resp. χ ) denotes a half-spin (resp. the vector) representation.
Proof. For (1) (resp. (2), (3), (4) 
Proof. If P (e 1 , . . . , e r ) = G L(n), then it is a trivial PV and hence l = 1 (see Definition 1.6). Now we deal with the case Λ ( * ) 1 = Λ * 1 since other case we can do similarly. If
Hence if l = 1, then we have n = 2m and e 1 = 1 or 2m − 1 by Theorem 3.2. If e 1 = 2m − 1, then we have r = 2. Assume that e 1 = 1 and r 3. Then by similar argument, we have e 1 = 1, e 2 = 2m − 2 and e 3 = 1 since e 1 + e 2 must be 2m − 1. Since the G L(n)-part of a generic isotropy subgroup of 2m
is a k-rational generic point, by the action of (A, 
Then by 
, are given by the following (4.9) and (4.10) with m n 3 or n = 2r, m = 2r − 1 (r 2). 
Proof. The first part is obtained by Theorems 4.25 and 4.26 in [KKY] . Since the isotropy subgroup
Hence l = 1 for (4.9) if and only if l = 1 for (4.9) (1) We have l = 1 for (4.11) if and only if one of (a) n m, (b1) m n + 5 or m = n + 1 ( 6) for Λ ( * )
(2) We have l = 1 for (4.12) and (4.13). 
are given by (4.9), (4.10) and (4.14).
(4.14)
We have l = 1 for (4.14).
Proof. The first part is given by Theorem 5.11 in [KKY] . The latter part is obtained by Proposition 1.7
and Theorem 3.2. 2 Definition 4.21. We denote by 2 2 m 
If m 4, it is a trivial PV and hence l = 1. If m = 3, it is castling equiva- ( 
